Introduction
The flexible connecting rod of a slider-crank mechanism can be considered as a beam undergoing flexible deformation superposed on large rigid body motion and may deform in both the axial and transverse directions. A complete formulation must take into account the coupling effect of the axial and transverse vibrations. However, due to mathematical complexity, it was very common in the past to adopt various assumptions in the formulation to ease the burden of computation. Common approaches adopted in the past may be categorized into the following three groups based on the ways the axial load in the rod is being formulated.
͑1͒ The axial load is assumed to be dependent only on time and can be obtained by treating the rod as rigid ͓1-7͔. This approach is also very popular in finite element formulations ͓8-11͔. ͑2͒ The axial force is related to the transverse displacement by integrating the axial equilibrium equation ͓12-14͔. Similar idea in the finite element approach can be found in ͓15-18͔. ͑3͒ The third approach is to consider the effect of axial vibration, but assume that the axial force is proportional to the linear axial strain ͓19-21͔. This approach has also been incorporated in finite element formulation ͓22͔.
In an effort to examine the validity of the above simplifications Chen and Chen ͓23͔ reformulated the equations of motion by assuming that the axial load is proportional to the Lagrangian strain. All the high order terms were retained in ͓23͔, and eigenfunction expansion method was used to facilitate numerical simulations. It is found that all the previous formulations cited above ͓1-22͔ give satisfactory results only when the crank speed is low. On the other hand when the crank speed is comparable to the first bending natural frequency of the connecting rod, all these simplified formulations overestimate the dynamic response by almost ten folds because terms of significant order of magnitude are removed inadequately. Chen and Huang ͓24͔ confirmed the findings in ͓23͔ by adopting a nonlinear finite element formulation taking into account all the high order terms in the strain energy function, including the usually-neglected quartic term of the displacement gradient.
The equations of motion derived in ͓23͔ and ͓24͔ are so complicated that it is impossible to perform any analytical study. Consequently, important physical insight and meaningful conclusions can be obtained only through large amount of calculations with wide range of parameters. In this paper we present an effort to simplify the equations of motion to a tractable form in a systematic manner and identify the important terms contributing to the dynamic behaviors which were usually ignored before. We first use the extended Hamilton's principle to reformulate the complete equations of motion of a damped connecting rod involving coupled axial and lateral vibrations. Rotary inertia effect will be included automatically. Eigenfunction expansion method is then adopted to discretize the partial differential equations. By appropriately ordering the magnitude of each term the coupled equations of motion can be simplified to a single one in terms of the transverse deflection. Based on this simplified equation multiple scale method can be used to derive the closed-form approximation of the steady state vibrations and the associated bifurcation set. Figure 1 shows a slider-crank mechanism. The rigid crank of length a rotates with constant speed ⍀. The length, cross section area, mass density, and Young's modulus of the connecting rod are L, A, , and E, respectively. The mass of the slider is m s . XOY is an inertial frame with its origin attached at the center of the rotating crank. xAy is a moving frame with x-axis passing through the two ends of the connecting rod before deformation. u(x,t) and v(x,t) denote the axial and transverse deflections of the connecting rod with respect to frame xAy. The position vector R(x,y,t) of a point in the connecting rod measured from the pivot O can be written as
Equations of Motion
where (e r ,e ) and (e i ,e j ) are rotating base vectors attached to points O and A, respectively. The kinetic energy T c of the connecting rod is
where
ϭ⍀t is the rotation angle of the crank. is the angle between the x-and X-axes.
It is noted that Eq. ͑2͒ includes the rotary inertia of the rod. The kinetic energy of the slider T s is
In this paper Euler-Bernoulli beam model is adopted and the axial strain at a point (x,y) in the connecting rod can be written as
Following a volume integral the strain energy U c of the connecting rod can be written as
I is the area moment of inertia of the connecting rod, IϭAr 2 r is the radius of gyration of the cross section. Regarding the damping mechanism we assume that the connecting rod is made of a Kelvin-type viscoelastic material and the dissipation force is proportional to the strain rate. The variation of work done by this nonconservative internal force is
is the material damping constant. By applying Hamilton's principle
the equations of motion of the connecting rod can be obtained as
There are two differences in Eqs. ͑10͒ and ͑11͒ above and Eqs. ͑7͒ and ͑8͒ in ͓23͔. First of all, there is no damping mechanism in Eqs. ͑7͒ and ͑8͒ in ͓23͔. Secondly, The last term in Eq. ͑11͒ above is due to rotary inertia of the connecting rod, which is ignored in ͓23͔.
The connecting rod is assumed to be simply-supported at both ends. After imposing the geometric constraint for the slider mo-
and following the variation procedure ͑9͒ the boundary conditions for u and v can be derived as 
Nondimensionalization
Equations ͑10͒ and ͑11͒ can be nondimensionalized by introducing the following dimensionless quantities, Transactions of the ASME b is the lowest bending natural frequency of the connecting rod. It is noted that the above nondimensionalization relations are chosen so that both u* and v* are of order one when ⍀* is close to 1 ͓23͔. After nondimensionalizing Eqs. ͑10͒ and ͑11͒ and assuming a one-mode approximation for u* and v* as following,
we can obtain the equations for f and g as,
All the asterisks in Eqs. ͑20͒ and ͑21͒ have been dropped for simplicity. The detail of the above discretization procedure can be found in ͓23͔. It is noted that by this scaling method the slenderness ratio parameter arises naturally and can be used to compare the order of magnitude of each term in the dimensionless equations. For instance, the effect of rotary inertia is of order 3 in Eq. ͑21͒ and can be ignored when is small. Equations ͑20͒ and ͑21͒ can be solved numerically by Runge-Kutta method.
Duffing Equation
It is possible to reduce Eqs. ͑20͒ and ͑21͒ to a single equation if the order of magnitude of each term is examined carefully, especially in the high-speed range. By ignoring the 2 -and -terms and the terms containing ḟ in Eq. ͑20͒, and assuming a to be small, we can express f in terms of g as 
It is noted that Eq. ͑23͒ is a damped Duffing equation under parametric and external excitations simultaneously. To test if this single equation is a good approximation to the original equations ͑20͒ and ͑21͒, we compare the steady state vibration predicted by Eq. ͑23͒ with the one predicted by Eqs. ͑20͒ and ͑21͒. We choose the following parameters for a slider-crank mechanism with relatively short crank: ϭ0.04, ϭ0.0146, m s ϭ0.5, aϭ0.05. After specifying initial conditions for f, ḟ , g, ġ at certain crank speed ⍀, we examine the Poincare map of the response in the gϪġ space. The deflection is recorded when the crank is in the direction of the slider motion. If there exists periodic steady state solution with frequency n⍀, the points in the Poincare map converge to n separated points. We call this periodic steady state vibration a P-n solution. With damping constant ϭ0.0146 the steady state solution can be reached after 300 cycles. We record these steady state solutions in Fig. 2 for another 100 cycles. In other words, each point for a periodic solution in Fig. 2 actually represents 100 points at the same location in the Poincare map. The black circles and the open circles represent the results from the two-equation approach and the single-equation approach, respectively. It is observed that the results from the single equation match the results from two equations quite well for short crank length. In particular, we observe that the P-1 solutions bifurcate to P-2 at ⍀ϭ0.87, and then bifurcate back to P-1 again at ⍀ϭ1. In addition, we notice that there exists a spike around ⍀ϭ0.5, which indicates a change of waveform in the solution. It is emphasized that for longer crank and large slenderness ratio the solution of the single equation may no longer be a good approximation to the one obtained by the original two equations. The effects of a long crank on the dynamic response of the connecting rod can be found in another paper by the same authors ͓29͔.
We plot the steady state solutions g for three crank rotation cycles at three different rotation speeds, ⍀ϭ0.52, 0.8, and 0.95 in Figs. 3, 4 , and 5, respectively. Other parameters are the same as those used in Fig. 2 . The solid and dashed lines represent the solutions from two-equation and one-equation approaches, respectively. The chain lines in Figs. 3 and 4 are the solutions predicted by multiple scale method, which will be explained in the next section. Figure 3 shows that the response at ⍀ϭ0.52 is a P-1 solution consisting of at least two frequency components. Figure 4 shows a sinusoidal waveform at ⍀ϭ0.8. Figure 5 shows that the response at ⍀ϭ0.95 is a P-2 solution.
Multiple Scale Method
After establishing the validity of Eq. ͑23͒ for the case with small slenderness ratio and crank length we can try to predict the steady state solution with multiple scale method. There are two rotation speeds at which we are particularly interested, i.e., ⍀ϭ1 and 0.5.
Case 1. Rotation speed near Ωϭ1
In this case we rescale the coefficients in Eq. ͑23͒ by
␦ is an artificial parameter introduced here to facilitate perturbation analysis. The proximity of ⍀ to unity can be expressed as ͓27͔
where is a detunning parameter. After substituting Eqs. ͑25͒ and ͑26͒ into ͑23͒ we obtain
Equation ͑23͒ can be recovered from ͑27͒ by specifying ␦ϭ1. We assume the following expansion for g,
where T n ϭ␦ n t. Substituting Eq. ͑28͒ into Eq. ͑27͒ and equating coefficients of like powers of ␦ yields
where D n ϭ‫ץ/ץ‬T n . The general solution of Eq. ͑29͒ can be written as
where H is the complex conjugate of H. After substituting Eq. ͑32͒ into the right hand side of Eq. ͑30͒ we can rewrite
where cc stands for the complex conjugates of the preceding terms. The secular term of Eq. ͑33͒ can be eliminated if
The solution of Eq. ͑33͒ can then be written as
After substituting Eqs. ͑32͒, ͑34͒, and ͑35͒ into Eq. ͑31͒ we can obtain the condition of eliminating the secular term of g 2 as 
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The complex function H can be expressed as
After substituting Eq. ͑37͒ into ͑36͒ we can conclude that steady state solutions h and ␤ must satisfy the following equations,
After recovering the artificial parameter ␦ to 1 the steady state solution g s of Eq. ͑23͒ can be approximated as
It is noted that the parameter is proportional to a, and is small compared to 1 for the case with short crank. Therefore, it can be expected that the steady state response ͑40͒ is dominated by the term synchronous to the crank rotation. The solid line in Fig. 6 represents the amplitude of the steady state solution ͑40͒. The black circles are the results obtained by integrating Eqs. ͑20͒ and ͑21͒. The open circles represent the amplitude obtained by integrating Eq. ͑23͒. It is observed that the multiple scale solution approximates the Runge-Kutta solutions quite well, except in the range 0.87Ͻ⍀Ͻ1. For ⍀ϭ0.8 the steady state waveform as predicted by Eq. ͑40͒ is plotted in Fig. 4 as the chain line. It is noted that the multiple scale method fails to predict the P-2 solution in the range 0.87Ͻ⍀Ͻ1. However, the bifurcation speeds 0.87 and 1 may be verified by the Floquet theory. We express the solution g of Eq. ͑23͒ as,
where g s is given in Eq. ͑40͒ and ĝ (t) is a small perturbation. After substituting Eq. ͑41͒ into Eq. ͑23͒, and linearizing with respect to ĝ (t), we obtain the following equation, ĝ ϩĝ ϩ2 cos ⍀tĝ ϩ͑2 1 ϩ2 2 g s ͒ĝ ϩ͑4 2 g s ġ s ϩ3␣g s 2 ͒ĝ ϭ0
Equation ͑42͒ is a damped Mathieu equation. After specifying two sets of initial conditions,
and integrating Eq. ͑42͒ with Runge-Kutta method for one period 2/⍀ we obtain the solutions ĝ 1 (2/⍀) and ĝ 2 (2/⍀). The monodromy matrix ͓28͔ can then be obtained as,
The eigenvalues 1 and 2 of matrix M can then be calculated. The real part ͑solid line͒ and imaginary part ͑chain line͒ of 1 and 2 are plotted in Fig. 7 . It can be observed that 1 leaves the unit circle at ⍀ϭ0.9 and 1.02, at which 1 ϭϪ1. Therefore, the steady state solution undergoes period doubling at these two bifurcation speeds, as presented earlier in Fig. 2 
Equation ͑23͒ can then be rewritten as g ϩgϭ2F 1 sin ⍀tϩ␦͑Ϫ2 cos ⍀tgϪ2 1 ġ Ϫ␣g
By using expansion ͑28͒ and following the similar procedure as in case 1, we obtain the following equations,
The general solution of Eq. ͑48͒ is
After substituting ͑50͒ into ͑49͒ and by defining 2⍀ϭ1ϩ␦ (51) we observe that the secular term of g 1 can be eliminated if
By substituting Eq. ͑37͒ into ͑52͒ and defining
we obtain the equations for steady state solutions of h and ␥ as,
It is noted that the second term in Eq. ͑56͒ is a particular solution and is proportional to a/, which is of order 1 in this paper. Therefore it can be expected that the steady state response ͑56͒ consists of two dominant frequency components. Equation ͑56͒ is traced as the chain line in Fig. 3 to compare with the Runge-Kutta solutions. The amplitudes of steady state solution ͑56͒ are plotted as solid lines in Fig. 8 
Conclusions
A new formulation of the equations of motion of a flexible connecting rod is presented with emphasis on retaining all high order terms in the strain energy function, which are important especially in high-speed applications. The complete equations of motion involving both the axial and transverse vibrations are formulated by applying Hamilton's principle. The correct boundary conditions taking into account the slider-motion constraint are derived, which can be simplified to the conventional simplysupported boundary conditions when the crank is short. The partial differential equations are discretized into two ordinary differential equations by a one-term eigenfunction expansion method. After carefully examining the order of magnitude of each term these two equations can be reduced to a single one, which turns out to be a Duffing equation under parametric and external excitations simultaneously. The nonlinear behavior of this equation is then studied by multiple scale method. Several conclusions can be summarized in the following.
1. The solution from the Duffing equation is a good approximation to the solution from the original two equations when the crank is short and the slenderness ratio of the connecting rod is small.
2. Combined effects of parametric and external excitations dominate the response when ⍀ is close to 0.5 and 1. Away from these two speeds the response is dominated by the external excitation alone, and the solution is P-1 with only one dominant frequency.
3. When the rotation speed ⍀ is close to 1 the response is a P-2 solution. The associated period doubling bifurcation speeds can be predicted by a Floquet theory.
4. In the neighborhood of ⍀ϭ0.5 the response is a P-1 solution containing two dominant frequency components. The frequency response shows a peak near ⍀ϭ0.5, whose height is found to be proportional to the slider mass. 
